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Abstract
We consider (3 + 1)-dimensional N = 4 super Yang-Mills theory with a non-
vanishing scalar Higgs vacuum expectation value, and compare this theory to AdS
supergravity with branes in the bulk. We show that the one-loop effective potential
for excitations of the Yang-Mills field agrees with the classical linearized potential for
brane waves in the AdS picture in the limit of long wavelengths. This supports the idea
that the AdS/CFT correspondence fits into string theory as expected from previous
work.
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In [1], it was conjectured by Maldacena that there is a remarkable equivalence between
N = 4 super Yang-Mills (SYM) theory in (3 + 1) dimensions and type I IB string theory
on AdS5 × S5. This conjecture has been sharpened and tested in many ways. In the
approaches of Gubser, Klebanov and Polyakov [2] and of Witten [3] the connection between
SYM theory and AdS string theory is made precise by placing the 3-branes of the SYM theory
on the boundary of the AdS space, and associating correlation functions of operators in the
boundary SYM theory with supergravity correlation functions subject to certain boundary
constraints. In this picture, it is assumed that the adjoint Higgs fields in the SYM theory
vanish so that the theory is at a conformal point.
One way to motivate the conjecture is to consider a system of a large number N of
coincident D-branes in the string theory. On the one hand, at substringy distances from the
branes the dynamics of the system is well-described by truncating to the gauge theory on
the branes [4]. On the other hand, for gsN ≫ 1 the curvature at these distances is small
in string units. This suggests that questions which can be formulated in gravitational terms
(e.g., what is the metric?) are controlled by supergravity with small stringy corrections, as
pointed out in [5].
According to this argument, the AdS/SYM correspondence is a particular limit of the
dynamics of branes in string theory, and we can consider other configurations of the branes
before taking the limit. In particular, we can consider the Coulomb branch of the gauge
theory, i.e. nonzero vacuum expectation values for the scalar fields, corresponding to branes
in the bulk of the AdS space. This possibility was also suggested in [1] but it has not played
a significant part in the developments so far; in fact, the general belief at this point seems
to be that the SYM/AdS connection only makes sense when the scalar vevs vanish.
In this letter we exhibit an example in which this possibility is realized – an SYM config-
uration with nonvanishing scalar expectation values corresponds to AdS supergravity with
branes in the bulk.
We will work with large N (3 + 1)-dimensional SYM theory in a supersymmetric vacuum
in which the adjoint Higgs fields take the form
Xi =
 xi 0 00 x˜i 0
0 0 0

Here 0 indicates the vev for N − 2 eigenvalues of the Higgs fields, while xi and x˜i are single
eigenvalues.
Our basic assertion will be that the eigenvalues xi and x˜i are the positions of 3-branes in
the usual way, both before and after taking the scaling limit of [1]. The simplest argument
for this is “what else can it be?” – assuming the conjecture, the probe 3-branes must exist
in the theory, and there is no other candidate description. However let us see to what extent
we can find evidence for this statement without assuming the result.
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By using the O(6) symmetry of the theory we can rotate the fields into the form
X1 =
 r 0 00 r˜ cos θ 0
0 0 0
 X2 =
 0 0 00 r˜ sin θ 0
0 0 0
 (1)
where r, r˜ are the magnitudes of the 6-vectors x, x˜ and θ is the angle between these vectors.
We now consider the fields (1) as a background and add fluctuations of the gauge field
on the two branes. Denoting the U(1) field strength on the first (second) brane by F̂ (F˜ )
respectively, the one-loop effective action describing the leading interaction between the two
fields is proportional to [6, 7]∫ ∏
i
d4pi
[
F µν(p1)F
ν
λ(p2)F
λ
κ(p3)F
κ
µ(p4)− 1
4
(F µν(p1)F
ν
µ(p2))(F
κ
λ(p3)F
λ
κ(p4))
]
×δ4(p1 + p2 + p3 + p4) [G(p1, p2, p3, p4) + permutations]
where F = F̂ − F˜ , and
G(p1, p2, p3, p4) =
∫
d4k
1
(ρ2 + k2)(ρ2 + (k − p1)2)(ρ2 + (k − p1 − p2)2)(ρ2 + (k + p4)2) (2)
with ρ =
√
(xi − x˜i)2. If we have N = 2, this one-loop result determines the four-derivative
terms in the effective action exactly, by the non-renormalization theorem of [8].
In general, at this order the result is a sum of pairwise interactions between the branes.
Although this contribution to the interaction between pairs of branes at 0 is infrared diver-
gent, the interaction between the two branes at xi and x˜i is not affected by this. We can
make a stronger statement if we consider the limit from the Coulomb branch, i.e. taking
the N − 2 eigenvalues to zero, because away from zero the non-renormalization theorem
still holds. Since this is uniform as we take the limit and there is no remaining dimensional
parameter to control corrections, it is very plausible that the result remains true in the limit.
We will see evidence for this shortly.
This result determines the leading scattering of “brane waves,” small fluctuations of the
massless modes on branes one and two. The essential statement we are making at this point
is that such modes exist and are created by operators such as Fˆ and F˜ , and are weakly
interacting. This is clearly true in the original brane picture and at small gsN but one might
argue the point in gauge theory at large gsN . A gauge theory justification for our statement
is that we take gs small (even when gsN is large), while the interactions to the conformal
sector of the system are controlled by the masses r and r˜. This is not to say that such
interactions are negligible but that they can produce the dynamics of branes in a I IB string
theory background.
Given this statement, it is clear that the result is an observable scattering amplitude. We
are now interested in comparing it with expectations from supergravity; i.e. we consider the
two brane waves as sources of stress-energy (and the other supergravity fields) and compute
their interactions from this point of view.
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We first consider the zero-momentum limit; i.e. the case where the fluctuations of the
gauge field are constant on both branes. In this case, there is an effective potential between
the branes of the form
1
ρ4
[
F µνF
ν
λF
λ
κF
κ
µ − 1
4
(F µνF
ν
µ)(F
κ
λF
λ
κ)
]
(3)
By explicitly expanding this expression in terms of the field strengths F̂ and F˜ on the two
branes, and grouping the terms according to their Lorentz index structure, the interaction
between the two branes can be expressed in terms of a sum of current-current interactions
for the stress tensor as well as the sources for the R-R and other NS-NS fields in the I IB
theory. An analogous decomposition was given explicitly in the context of Matrix theory and
11-dimensional supergravity in [9]. In the I IB theory the identification of currents is slightly
different from that given in [9], although the essential structure is the same; in this case, all
the current-current interactions carry an overall factor of 1/ρ4. As a simple example of the
types of interactions which appear in this decomposition, there are terms of the form
1
ρ4
[(
F̂ µνF̂νµ
) (
F˜ λρF˜ρλ
)]
and
1
ρ4
[(
F̂ µνF̂νλ
) (
F˜ λρF˜ρµ
)]
.
These terms correspond to pieces of the effective potential arising from dilaton and graviton
exchange [10, 11]. Another example is the term of the form
1
ρ4
[(
F̂ µνF̂νλF̂
λρ
) (
F˜ρµ
)]
.
As shown in [12, 13], the cubic expression in terms of F̂ is the leading operator which
couples to the field Bρµ, for which F˜ρµ acts as the source. Although we are only considering
fluctuations of the gauge fields on a pair of single 3-branes, it is straightforward to generalize
this discussion to include non-abelian scalar vev’s in a pair of 3-brane clusters, which are
necessary to describe fields with transverse polarization. For such configurations there are
“higher moment” contributions to (3) of the form F 4Xn/ρ4+n, as discussed in [9]. These
terms should describe the interactions between the higher partial waves on S5 discussed, for
example, in [10].
For N = 2, the SYM theory is just the low energy world-volume dynamics of 3-branes in
flat space. The first and second 3-branes are separated by a distance
ρ =
√∑
i
(xi − x˜i) =
√
r2 + (r˜)2 − 2rr˜ cos θ.
From this point of view, the function 1/ρ4 appears because it is the Green’s function for the
flat-space Laplacian in the six dimensions transverse to the 3-brane:
∆R6 = − 1
r5
∂rr
5∂r − 1
r2
∆S5
3
∆R6
1
ρ4
∼ δ6(x− x˜).
We thus see the usual one-loop agreement between gauge theory and supergravity.
At large N and gsN , and in the scaling limit r ∼ l2s → 0, the AdS interpretation is
appropriate. The two probe branes are placed in the AdS5 × S5 metric, the scaling limit of
the metric around the N − 2 branes:
ds2 = r2(−dt2 + dx2‖) +
dr2
r2
+ dΩ25. (4)
The leading long-distance gravitational interaction between a pair of 3-branes with excited
gauge or transverse fields is described (in an appropriate gauge) by a propagator P(x; x˜)
which is the Green’s function for the Laplacian in the metric (4). This is a priori different
from the flat space prediction.
In the case where the excitations on the 3-branes are constant in the parallel directions
x‖, the propagator must satisfy
1√−g∂µ
√−ggµν∂νP(r, ω; r˜, ω˜) ∼ δ6(r − r˜, ω − ω˜) (5)
where (r, ω) ∈ R × S5. In fact, the flat-space Green’s function 1/ρ4 turns out to solve (5).
This can be seen most directly by working out the AdS5 × S5 Laplacian. On functions
depending only on the coordinates (r, ω) this Laplacian acts as
∆AdS = − 1
r3
∂rr
5∂r −∆S5
= r2∆R6 .
Thus the effective potential (3) agrees with expectations from AdS supergravity as well.
Agreement in both limits suggests that the result will agree at arbitrary gsN . This
is also true and is the supergravity counterpart of the nonrenormalization conjecture (the
generalization we suggested of [8] to the conformal limit). Before rescaling, the metric around
N 3-branes is
ds2 = f(r)−1/2(−dt2 + dx2‖) + f(r)1/2(dr2 + r2dΩ25)
with
f(r) = 1 +
gsN
r4
.
One can again check that ∆general = f
−1/2∆R6 allowing the same Green’s function to solve
this Laplacian as well.
We now briefly discuss the case of non-zero momentum. One can check that turning on
non-zero momenta in (2) leads to corrections controlled by the scale ls, for which we have
not found a supergravity interpretation. What is clear from the expression (2) is that the
result is analytic in the external momenta at p = 0, and has an expansion in p/r, as usual
in effective field theory. In other words, a derivative d/dp can be expressed in terms of the
4
derivative d/dr (and less singular terms as r → 0). As we discuss below, we interpret this
in terms of an uncertainty relation for the position of the brane.
In this note we have observed that the leading interaction between brane waves on 3-
branes agrees when computed as a quantum effect in gauge theory, and as an interaction
mediated by bulk fields in supergravity, both in a flat background and in the AdS background
corresponding to a large number of additional 3-branes.
Besides providing a further example of an agreement between super Yang-Mills theory
and supergravity, we consider the result to be significant evidence for the following iden-
tification: in a supersymmetric vacuum in the gauge theory, a non-zero eigenvalue for the
scalar vev coresponds to the position of an individual 3-brane. This is the naive correspon-
dence suggested by the brane picture, but it is worth stating it again in the context of the
AdS/CFT correspondence.
Note that this does not necessarily mean that we should consider the N−2 branes in our
illustration as located at the point x = 0. Conceptually, if we are regarding supergravity as
coming out of large N gauge theory dynamics, the simplest picture (as has been described
by Maldacena; see also [14]) is not to consider the conformal sector of the theory as localized
anywhere. Excitations on the N − 2 branes are not free brane waves – once we consider
gs(N − 2) large there is no control over infrared divergences in our computation, and no
justification for the result (3).
Another class of vacua mentioned in [1], and motivated from the brane point of view is
to split the branes into groups with N =
∑
Ni each with a different scalar vev. If we take
the scaling limit of these vevs, the natural conjecture is that when all gsNi become large,
this corresponds to supergravity in the background of a multicenter solution. Again one is
not asserting that “the Ni branes are located at these points” because their excitations are
not brane waves; however a probe brane could be localized. This example has been studied
in [18]; many questions remain. We mention that our result also works in this case.
The identification also gives us a class of local observables in AdS space, the operators
which create excitations on the probe branes. An important point however is that the
localization of the probe branes appears to be precise only in the zero longitudinal momentum
limit. In work such as [17, 4] it was observed that to localize the branes in transverse space,
one needed arbitrarily low energies, because the energy of the states responsible for the
interactions went as E ∼ r/l2s . This can also be formulated as an uncertainty principle
[15]: using ∆E∆t > 1 we have ∆r∆t > l2s and we need arbitrarily large time to make such a
measurement. The scaling limit of [1] takes r ∼ l2s → 0, so the uncertainty principle survives,
as observed in [16].
We interpret the corrections to the interaction of brane waves at nonzero momentum
(compared to supergravity) as a manifestation of this uncertainty principle. Given an un-
certainty ∆p around zero in energy-momentum, we saw that the difference between the
gauge theory and supergravity potentials V can be approximated by our observations as
∆p d/dr V . This is what would come from an uncertainty ∆r d/dr V with ∆r ∼ ∆p ∼ ∆E
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as above. It will be interesting to follow this up and especially to understand if this is a
universal constraint on our ability to formulate local observables in the AdS language.
Finally, this paper only discussed the case of gauge theory on R3,1, while the AdS/SYM
correspondence can be formulated for more general base spaces, for example S3 × R. One
may ask: how does one describe a probe 3-brane in this case? Doesn’t the lifting of the
moduli space described in [3] eliminate the configurations we described here?
The answer is clear once one takes the conformal symmetry of the theory into account.
In some cases one can relate the theory on different base spaces by conformal transfor-
mations, and map the simple supersymmetric vacua we describe here into solutions on a
different base space. More generally, one needs to find solutions which preserve 16 of the
superconformal symmetries; we predict that appropriate candidates will exist. All of these
are time-dependent solutions, so there is no contradiction with the nonexistence of a moduli
space.
Applying conformal transformations allows us to produce new solutions in R3,1 as well.
Since the corresponding AdS isometries can map points within the coordinate patch (4) to
points outside [19], these describe new 3-branes extending across the asymptotic observer’s
horizon. These will be studied in future work.
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